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Abstrat
For a sublass of Hithin's generalised geometries we introdue and analyse the
onept of a strutured submanifold whih enapsulates the lassial notion of
a alibrated submanifold. Under a suitable integrability ondition on the ambi-
ent geometry, these generalised alibrated submanifolds minimise a funtional
ourring as Dbrane energy in type II string theories. Further, we investigate
the behaviour of alibrated yles under Tduality and onstrut nontrivial
examples.
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1 Introdution
In this paper, we introdue and investigate a notion of strutured submanifold
for a sublass of Hithin's generalised geometries. The most basi examples are
provided by Harvey's and Lawson's alibrated submanifolds [19℄, a notion whih
has been intensively studied in Riemannian geometry, see for instane [28℄ and
referenes therein.
Reall that on a Riemannian manifold (M, g), a dierential form ρ of pure
degree p is said to dene a alibration, if for any oriented pdimensional subspae
L ⊂ TxM with indued Riemannian volume form ̟L, the inequality
gx(ρx, ̟L) ≤‖̟L‖g= 1
holds (‖ · ‖g denoting the norm on ΛpT ∗M indued by g). Submanifolds whose
tangent spaes meet the bound everywhere are said to be alibrated by ρ. Ex-
amples omprise Kähler manifolds with ρ the Kähler form, for whih the al-
ibrated submanifolds are preisely the omplex submanifolds. More generally,
there are natural alibrations for all geometries on Berger's list, and alibrated
submanifolds onstitute a natural lass of strutured submanifolds for these.
An important property of alibrated submanifolds is to be loally homologially
volumeminimising if the alibration is losed. This links into string theory,
where the notion of a alibrated submanifold an be adapted to give a geomet-
ri interpretation of Dbranes in type I theory, extended objets that extremalise
a ertain energy funtional (f. for instane [16℄, [17℄, [32℄ or the survey [15℄).
On the other hand, geometries dened by forms are the starting point of
generalised geometry as introdued in Hithin's foundational artile [22℄. The
rle of pforms is now played by even and odd forms whih we an interpret
as spinor elds for the bundle TM ⊕ T ∗M endowed with its natural orientation
and inner produt whih is ontration. The distintive feature of this setup
is that it an be ated on by both dieomorphisms and 2forms or Belds
B ∈ Ω2(M): These map X ⊕ ξ ∈ TM ⊕ T ∗M to X ⊕ (XxB/2 + ξ) and spinor
elds ρ ∈ S± ∼= Ωev,od(M) to
eB ∧ ρ = (1 +B +B ∧B/2 + . . .) ∧ ρ.
In partiular, this ation preserves the natural bilinear form 〈· , ·〉 on S = S+ ⊕
S−
∼= Ω∗(M) and transforms losed spinor elds into losed ones if B itself is
losed.
Following this sheme, a generalised alibration will be an even or odd form
whih we view as a TM⊕T ∗Mspinor eld ρ. The rle of the Riemannian metri
is now played by a generalised Riemannian metri G, an involution on TM⊕T ∗M
ompatible with the inner produt. Further, a generalised Riemannian metri
also indues a norm ‖ · ‖G on S±. Both G and the norm transform naturally
under Belds. However, it is not altogether lear what the Beld ation
ought to be on a submanifold. The solution to this is, taking string theory
as guidane, to onsider pairs (L, F ) onsisting of an embedded submanifold
jL : L →֒ M and a losed 2form F ∈ Ω2(L). A losed Beld B then ats on
2
this by (L, F ) 7→ (L, F + j∗LB). With suh a pair, we an assoiate the pure
spinor eld (f. Setion 3.2)
τL,F = e
F ∧ θk+1 ∧ . . . ∧ θn ∈ S|L,
where the θi ∈ Ω1(M)|L dene a frame of the annihilator N∗L ⊂ T ∗M of L.
The alibration ondition we adopt is
〈ρ, τL,F 〉 ≤‖τL,F‖G,
whih therefore makes essential use of the generalised Riemannian metri
1
.
The rst important result we prove is this (f. Theorem 3.6):
• Any spinor eld of the form ρev,od = eB ∧ Re ([ΨL ⊗ ΨR]ev,od) denes
a alibration, where [ΨL ⊗ ΨR] is the omplex form naturally assoiated
with the bispinor ΨL ⊗ΨR ∈ ∆⊗∆, for ∆ the spinor bundle assoiated
with TM .
• For suh a ρ, the pair (L, F ) is alibrated if and only if
A(ΨL) = c e
−B ∧ τL,F
‖e−B ∧ τL,F‖G ·ΨR,
where A denotes the soalled harge onjugation operator, c a omplex
onstant and · the usual Cliord ation of TM on ∆.
This type of alibrations denes what we all a GL×GRstruture. Generalised
G2, Spin(7) and SU(m)strutures [38℄, [39℄, [40℄, whih are natural gener-
alisations of the geometries of holonomy G2, Spin(7) and SU(m) to Hithin's
setup, are examples of these. This result also substantially extends work of
Dadok and Harvey [14℄, [18℄ on lassial alibrations dened by spinors.
Further, alibrated pairs (L, F ) loally minimise the funtional
E(L, F ) =
∫
L
‖τL,F‖G
if the alibration form is losed. As we will explain, this integral represents
the soalled DiraBornInfeld term of the Dbrane energy. Considering an
inhomogeneous equation of the form dρ = ϕ also aounts for the soalled
WessZumino term. We disuss the relationship of alibrated pairs (L, F ) with
Dbranes in type II string theory as we go along. In partiular, our denition
of a generalised alibration embraes the ases disussed in [31℄, [33℄, [34℄ in the
physis literature.
The nal part of the paper is devoted to Tduality. In string theory, this
duality interhanges type IIA with type IIB theory and plays a entral rle
in the SYZformulation of Mirror symmetry [36℄. It is also of onsiderable
1
For various other notions of generalised submanifolds in generalised geometry, where no
metri struture is involved, see for instane [3℄ in the mathematial and [12℄ and [41℄ in the
physis literature.
3
mathematial interest (f. for instane [7℄, [8℄ and [9℄). Loally, Tduality is
enated aording to the Busher rules [10℄ whih have a natural implementation
in generalised geometry. Our nal result (Theorem 5.6) states that if the entire
data are invariant under the ow of the vetor eld along whih we Tdualise,
the alibration ondition is stable under Tduality (as it is expeted from a
physial viewpoint). We will use this to onstrut some nontrivial examples of
alibrated pairs.
Finally, we remark that our denition of a generalised alibration also makes
sense for twisted generalised geometries [22℄, as we shall explain in the paper.
The outline of the paper is this. Based on [22℄ and [23℄, we introdue the
setup of generalised geometry in Setion 2. We thereby onsiderably extend
ideas developed in [40℄ by generalising the theory to GL × GRstrutures in
arbitrary dimension and by inorporating twisted strutures. Setion 3 gives
the denition of a generalised alibration and alibrated pairs. We investigate
their properties and disuss rst examples. Setion 4 makes the link with string
theory. Finally, Setion 5 is devoted to Tduality and gives further examples.
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2 Generalised geometries
2.1 The generalised tangent bundle
2.1.1 Basi setup
Let Mn be an ndimensional manifold. The underlying geometri setup we will
use throughout this paper is known under the name of generalised geometry
and was introdued in Hithin's foundational paper [22℄. Its key feature is to be
ated on by soalled Beld transformations indued by Ω2(M). To implement
these, we need to pass from the tangent bundle TM to the bundle TM ⊕ T ∗M .
We endow TM ⊕ T ∗M with (a) its anonial orientation and (b) the metri of
signature (n, n) given by ontration, namely2
(X ⊕ ξ,X ⊕ ξ) = Xxξ = ξ(X). (1)
Therefore, this vetor bundle is assoiated with a prinipal SO(n, n)bre bun-
dle PSO(n,n). As GL(n) ⊂ SO(n, n), PSO(n,n) is atually obtained as an exten-
sion of the frame bundle PGL(n) assoiated with TM . Now take B ∈ Ω2(M)
2
Our onventions slightly dier from [22℄ and [38℄ whih results in dierent signs and saling
fators.
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and think of it as a linear map B : TM → T ∗M sending X to the ontration
XxB = B(X, ·). Then we dene the orresponding Beld transformation by
X ⊕ ξ ∈ TM ⊕ T ∗M 7→ X ⊕ (ξ + 1
2
XxB
)
.
This transformation an be interpreted as an exponential: For a point q ∈ M ,(
TqM ⊕ T ∗qM, (· , ·)q
)
is an oriented pseudoEulidean vetor spae of signature
(n, n). Its symmetry group is SO(n, n), whose Lie algebra we may identify with
so(n, n) ∼= Λ2(TqM ⊕ T ∗qM) ∼= Λ2TqM ⊕ T ∗qM ⊗ TqM ⊕ Λ2T ∗qM.
Hene, Bq ∈ Λ2T ∗qM beomes a skewsymmetri endomorphism of TqM ⊕T ∗qM
under the identiation ζ ∧ η(X ⊕ ξ) = (ζ,X ⊕ ξ)ξ− (η,X ⊕ ξ)ζ = Xx(ζ ∧ η)/2.
Applying the exponential map exp : so(n, n)→ SO(n, n), we obtain
exp(Bq)(X ⊕ ξ) = (
∞∑
l=0
Blq
l!
)(X ⊕ ξ) = X ⊕ ξ + 1
2
XxBq
as B2q (X ⊕ ξ) = Bq(XxBq)/2 = 0. With respet to the splitting TqM ⊕ T ∗qM ,
we will also use the matrix representation
eBq =
(
Id 0
1
2Bq Id
)
.
Further, TM⊕T ∗M admits a natural braket whih extends the usual vetor
eld braket [· , ·], the soalled Courant braket [13℄. It is dened by
JX ⊕ ξ, Y ⊕ ηK = [X,Y ] + LXη − LY ξ − 1
2
d(Xxη − Y xξ),
where L denotes the Lie derivative. If B is a losed 2form, then exp(B) om-
mutes with J· , ·K.
The inlusion GL(n) 6 SO(n, n) an be lifted, albeit in a nonanonial
way, to Spin(n, n). It follows that the SO(n, n)struture is always spinnable.
In the sequel, we assume all base manifolds to be orientable, hene the anoni
lift of the inlusion
3 GL(n)+ →֒ SO(n, n) indues a anoni spin struture
PGL(n)+ ⊂ PSpin(n,n)+ with assoiated spinor bundle
S(TM ⊕ T ∗M) = PGL(n)+ ×GL(n)+ S.
In order to onstrut the spin representations S for Spin(n, n), we onsider its
vetor representation Rn,n whih we split into two maximal isotropi subspaes,
Rn,n =W⊕W ′. Using the inner produt g = gn,n, we may identifyW ′ withW ∗.
Under this identiation, g(w′, w) = w′(w)/2, that is, we reover preisely (1).
Now X ⊕ ξ ∈W ⊕W ∗ ats on ρ ∈ Λ∗W ∗ via
(X ⊕ ξ) • ρ = −Xxρ+ ξ ∧ ρ.
3
The notation G+ refers to the identity omponent of a given Lie group G.
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This ation squares to minus the identity, and by the universal property of
Cliord algebras, it extends to an algebra isomorphism
Cli(n, n) ∼= Cli(W ⊕W ∗) ∼= End(Λ∗W ∗). (2)
Our initial hoie of a splitting into isotropi subspaes is learly immaterial,
as Cli(n, n) is a simple algebra, hene the representation (2) is unique up to
isomorphism. The spin representation of Spin(n, n) is therefore isomorphi with
S = Λ∗W ∗ and an be invariantly deomposed into the modules of hiral spinors
S± = Λ
ev,odW ∗.
Moreover, after hoosing some trivialisation of ΛnW ∗, we an dene the bilinear
form
〈ρ, τ〉 = [ρ ∧ τ̂ ]n ∈ ΛnW ∗ ∼= R.
Here, [ · ]n denotes projetion on the top degree omponent and ·̂ is the sign
hanging operator dened on forms of degree p by
α̂p = (−1)p(p+1)/2αp.
Then
〈(X ⊕ ξ) • ρ, τ〉 = (−1)n〈ρ, (X ⊕ ξ) • τ〉
and in partiular, this form is Spin(n, n)+invariant. It is symmetri for n ≡
0, 3mod4 and skew for n ≡ 1, 2mod4, i.e.
〈ρ, τ〉 = (−1)n(n+1)/2〈τ, ρ〉.
Moreover, S+ and S− are nondegenerate and orthogonal if n is even and totally
isotropi if n is odd.
We also have an indued ation of the Lie algebra so(n, n). By exponentia-
tion, B ∈ Λ2W ∗ ats on ρ ∈ S± via
eB • ρ = (1 +B + 1
2
B ∧B + . . .) ∧ ρ.
This exponential links into the Beld transformation on W ⊕W ∗ via the 2-1
overing map π0 : Spin(n, n)→ SO(n, n), namely
π0(e
B
Spin(n,n)) = e
pi0∗(B)
SO(n,n) = e
2B
SO(n,n) =
(
Id 0
B Id
)
. (3)
On the other hand, the element
∑
Aml ξ
l ⊗Xm ∈ gl(n) ⊂ so(n, n) ats on ρ via∑
Aml ξ
l ⊗Xm(ρ) = 1
2
∑
Aml [ξ
l, Xm] • ρ = 1
2
Tr(A) +A∗ρ,
where A∗ρ denotes the natural extension to forms of the dual representation of
gl(n). Consequently,
S± ∼= Λev,odW ∗ ⊗
√
ΛnW as a GL(n)+spae,
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and we obtain for the spinor bundle
S± = S(TM ⊕ T ∗M)± ∼= PGL(n)+ ×GL(n)+ Λev,odRn∗ ⊗
√
ΛnRn
= Λev,odT ∗M ⊗√ΛnTM.
The hoie of a trivialisation of the line bundle
√
ΛnTM , that is, of a nowhere
vanishing nvetor eld ν, indues thus an isomorphism between TM ⊕ T ∗M
spinor elds and even or odd dierential forms. Put dierently, it redues the
struture group of M from GL(n)+ to SL(n), for whih the bundles S± and
Λev,odT ∗M are isomorphi. We shall denote this isomorphism by Lν to remind
ourselves that it depends on the hoie of the nvetor ν. Moreover, from a
GL(n)+point of view, the bilinear form 〈· , ·〉 takes values in the reals, as for
ρ, τ ∈ S ∼= Λ∗W ∗ ⊗
√
ΛnW , we have 〈ρ, τ〉 ∈ ΛnW ∗ ⊗ √ΛnW ⊗ √ΛnW ∼= R.
In partiular, using the isomorphism Lν , we get
〈ρ, τ〉 = ν([Lν(ρ) ∧ L̂ν(τ)]n) ∈ C∞(M).
2.1.2 Twisting with an Hux
More generally still, there is a twisted version of the previously disussed setup
whih is loally modeled on TM ⊕ T ∗M , leading to the notion of a generalised
tangent bundle [23℄.
Let H ∈ Ω3(M) be a losed 3form (in physiists' terminology, this is the
soalled Hux). Choose a onvex over of oordinate neighbourhoods {Ua}
of M , whose indued transition funtions are sab : Uab = Ua ∩ Ub → GL(n)+.
Loally,
H|Ua = dB
(a)
for some B(a) ∈ Ω2(Ua). Then we an dene the 2forms
β(ab) = B
(a)
|Uab
−B(b)|Uab ∈ Ω2(Uab)
whih are losed (this will be of importane later). On Uab, we an use the
oordinates provided by either the hart Ua or Ub, and onsider β
(ab)
as a map
from Uab → Λ2Rn∗; we denote this map by β(ab)a or β(ab)b . Any two trivialisations
are therefore related by β
(ab)
a = s∗abβ
(ab)
b and similarly for all other trivialised
setions. Out of the transition funtions
Sab =
(
sab 0
0 s−1trab
)
∈ GL(n)+ ⊂ SO(n, n)+
of the bundle TM ⊕ T ∗M , we dene new transition funtions
σab = Sab ◦ e2β
(ab)
b = e2β
(ab)
a ◦ Sab : Uab → SO(n, n)+.
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These satisfy indeed the oyle ondition on Uabc 6= ∅, i.e.
σab ◦ σbc = Sab ◦ e2β
(ab)
b ◦ e2β(bc)b ◦ Sbc
= Sab ◦ e2(B
(a)
b −B
(b)
b +B
(b)
b −B
(c)
b ) ◦ Sbc
= Sab ◦ Sbc ◦ e2(B(a)c −B(c)c )
= Sac ◦ e2β(ac)c
= σ−1ca . (4)
Therefore, we an dene a vetor bundle, the generalised tangent bundle, by
E = E(H) =
∏
Ua × (Rn ⊕ Rn∗)/ ∼σab ,
where two triples (a, p,X ⊕ ξ) and (b, q, Y ⊕ η) are equivalent if and only if
p = q and X ⊕ ξ = σab(p)(Y ⊕ ξ). A setion t ∈ Γ(E) an therefore be
regarded as a family of smooth maps {ta : Ua → Rn⊕Rn∗} transforming under
sa = σab(tb). As the notation suggests, the generalised tangent bundle depends,
up to isomorphism, only on the losed 3form H . Indeed, assume we are given a
dierent onvex over {U ′a} together with loally dened 2formsB(a)
′ ∈ Ω2(U ′a)
suh that H|U ′a = dB
(a)′
. This results in a new family of transition funtions
σ′ab = Sab ◦ exp(2β(ab)
′
b ). Now on the intersetion Va = Ua ∩ U ′a, the loally
dened 2forms G˜(a) = B
(a)
|Va
− B(a)′|Va are losed, and one readily veries the
family Ga = exp(G˜
(a)
a ) to dene a gauge transformation, i.e.
σ′ab = G
−1
a ◦ σab ◦Gb on Vab 6= ∅.
In partiular, the bundles dened by the families σab and σ
′
ab respetively are
isomorphi. The setions of the bundle E(H) relate to Γ(TM ⊕ T ∗M) via the
map K : Γ(TM ⊕ T ∗M)→ Γ(E(H)) dened by
Ka(Xa ⊕ ξa) = e2B(a)a (Xa ⊕ ξa) = Xa ⊕B(a)a (Xa) + ξa.
This is indeed welldened as
σbaKa(Xa ⊕ ξa) = eβ
(ba)
b
(
Xb ⊕B(a)b (Xb) + ξb
)
= Xb ⊕
(
B
(b)
b (Xb) + ξb
)
= Kb
(
Sba(Xa ⊕ ξa)
)
.
Sine the transition funtions σab take values in SO(n, n), the invariant ori-
entation and inner produt (· , ·) on Rn ⊕ Rn∗ render E an oriented pseudo
Riemannian vetor bundle. Furthermore, twisting with the losed 2forms β(ab)
preserves the Courant braket, whih is therefore also dened on E(H). Sine
any other hoie of a trivialisation leads to a gauge transformation indued by
losed Belds, this additional struture does not depend on the hoie of a
8
trivialisation either. For the pseudoRiemannian struture on E thus dened,
we an also onsider spinor elds. A anoni spin struture is given by
σ˜ab = S˜ab • eβ
(ab)
b = eβ
(ab)
a • S˜ab,
where S˜ab ∈ GL(n)+ ⊂ Spin(n, n)+ denotes the lift of Sab and where we expo-
nentiate β(ab) to Spin(n, n)+, so that π0 ◦ σ˜ab = σab. The even and odd spinor
bundles assoiated with E are
S(E)± =
∐
a
Ua × S±/ ∼eσab .
An Espinor eld ρ is thus represented by a olletion of smooth maps ρa :
Ua → S± with ρa = σ˜ab • ρb. In order to make ontat with dierential forms,
let ν be a trivialisation of ΛnTM whih we think of as a family of maps νa =
λ−2a ν0 ∈ ΛnRn with λ−2a ∈ C∞(M). It follows that λb =
√
sab · λb. The map
Lν
E
: Γ
(
S(E)±
)→ Ωev,od(M) indued by
Lν
Ea : (ρa : Ua → S±) 7→ (e−B
(a)
a ∧ λa · ρa : Ua → Λev,odRn∗)
is an isomorphism, and we usually drop the subsript E to ease notation.
This transforms orretly under the ation of the transition funtions sab on
Λev,odT ∗M , as one an show by using the fat that ρa = σ˜ab • ρb. Indeed, over
Uab we have
s∗ab(e
−B
(b)
b ∧ λb · ρb) = λa
√
det sab · e−B(b)a ∧ s∗abρb
= λa · e−B(a)a ∧ eβ(ab)a • S˜ab • ρb
= λa · e−B(a)a ∧ ρa,
or equivalently, Lνa ◦ σ˜ab = s∗ab ◦ Lνb . The operators Lν and K relate via
Lν
(
K(X ⊕ ξ) • ρ) = −XxLν(ρ) + ξ ∧ Lν(ρ) =: (X ⊕ ξ) • Lν(ρ).
In the same vein, the Spin(n, n)invariant form 〈· , ·〉 indues as above a globally
dened inner produt on Γ(S) by 〈ρ, τ〉 = ν([Lν(ρ) ∧ L̂ν(τ)]n).
Twisting with losed Belds allows the denition of a further operator,
namely
dν : Γ
(
S(E)±
)→ Γ(S(E)∓), (dνρ)a = λ−1a · da(λa · ρa),
where da is the usual dierential applied to forms Ua → Λ∗Rn∗, i.e. (dα)a =
daαa. This denition gives indeed rise to an Espinor eld, for
σ˜ab • (dνρ)b = λ−1b · eβ
(ab)
a ∧
√
det sab · s∗abdb(λb · ρb)
= λ−1a · da
(
eβ
(ab)
a ∧ s∗ab(λb · ρb)
)
= (dνρ)a.
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The operator dν squares to zero and therefore indues an ellipti omplex on
Γ
(
S(E)±
)
. It omputes the soalled twisted ohomology, where on replaes the
usual dierential d of de Rham ohomology by the twisted dierential dH =
d+H∧.
Proposition 2.1. Let ρ ∈ Γ(S(E)). Then
Lν(dνρ) = dHL
ν(ρ).
The assertion follows from a straightforward loal omputation.
Remark: The identiation of S(E)± with even or odd forms depends on
the hoie of the loal Belds B(a). However, any other hoie leads, as we
have seen, to a gauge transformation by losed 2forms G˜(a), whih therefore
preserves the loseness of the indued dierential forms.
2.2 Generalised metris
In addition to the 3form ux H and a nowhere vanishing nvetor eld ν ∈
Γ(ΛnTM), we now wish to build in a Riemannian metri to dene generalised
Riemannian metris.
Again, we rst onsider the bundle TM⊕T ∗M . Let us think of a Riemannian
metri as a map g : TM → T ∗M , whih is invertible in virtue of the non
degeneray. With respet to the deomposition TM ⊕ T ∗M , we dene the
endomorphism
G0 =
(
0 g−1
g 0
)
.
The Btransform of G0 indued by B ∈ Ω2(M) is
GB = e2B ◦ G0 ◦ e−2B
=
(
Id 0
B Id
)
◦
(
0 g−1
g 0
)
◦
(
Id 0
−B Id
)
=
( −g−1B g−1
g −Bg−1B Bg−1
)
.
To simplify notation, we will usually write G (unless we want to emphasise the
Beld) and refer to G as the generalised metri indued by g and B. Note that
G squares to the identity, and its ±1eigenspaes V ± give a metri splitting, i.e.
an orthogonal deomposition
TM ⊕ T ∗M = V + ⊕ V −.
into maximally positive/negative denite subbundles V ±. The restrition of
(· , ·) to V ± will be denoted by g±. Conversely, any metri splitting gives rise
to an honest Riemannian metri g and B ∈ Ω2(M), whose orresponding gen-
eralised metri has V± as ±1eigenspaes [38℄. In terms of struture groups, we
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note that the global deomposition of TM ⊕ T ∗M into V + ⊕ V − gives rise to a
redution from SO(n, n)+ to
e2BSO(n, 0)× SO(0, n)e−2B ∼= {
(
A+ 0
0 A−
)
|A± : V ± → V ± suh that
A∗±g± = g± and detA± = 1}
= SO(V +)× SO(V −),
where SO(n, 0)× SO(0, n) is the subgroup preserving the eigenspae deompo-
sition of G0.
Denition 2.1. ([23℄, [38℄) A generalised (Riemannian) metri for the gener-
alised tangent bundle E(H) is the hoie of a maximally positive denite sub-
bundle V +.
Put dierently, a generalised metri indues a splitting of the exat sequene
0→ T ∗M → E→ TM → 0. (5)
We denote the lift of vetor elds X ∈ Γ(TM) to setions in Γ(V +) by X+.
Loally, X+ orresponds to smooth maps X+a : Ua → Rn ⊕ Rn∗ with X+a =
σab(X
+
b ), and X
+
a = Xa ⊕ P+a Xa for linear isomorphisms P+a : Rn → Rn∗.
From the transformation rule on {X+a }, we dedue
β(ab)a = P
+
a − s∗abP+b sba
(where Xa = sab(Xb)). As above, the symmetri part ga = (P
+
a + P
+tr
a )/2 is
positive denite, and sine β(ab) is skewsymmetri, the symmetrisation of the
right hand side vanishes. Hene
1
2
(P+a − s∗abP+b sba + P+tra − s∗abP+trb sba) = ga − s∗abgbsba = 0,
so that the olletion ga : Ua → ⊙2Rn∗ of positive denite symmetri 2tensors
pathes together to a globally dened metri. Conversely, a Riemannian metri g
indues a generalised Riemannian struture on E(H): The maps Pa = B
(a)
a +ga
indue loal lifts of TM to E whih give rise to a global splitting of (5).
Proposition 2.2. A generalised Riemannian struture is haraterised by the
datum (g,H), where g is an honest Riemannian metri and H a losed 3form.
Remark: Of ourse, the negative denite subbundle V − also denes a splitting
of (5). The lift of a vetor eld X is then indued by X−a = Xa ⊕ P−a Xa with
P−a = −ga +B(a)a .
In presene of a metri, we an pik the anoni nvetor eld loally given
by νg|Ua = (det g|Ua)
−1/2∂x1 ∧ . . . ∧ ∂xn . We shall write L for Lνg . From our
original hoie ν this diers by a salar funtion, i.e. ν = e2φνg for φ ∈ C∞(M),
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so that Lν = e−φL. We then write Lφ = Lν and dφ = dν . For reasons beoming
apparent later, φ is referred to as the dilaton eld.
A generalised metri also indues further struture on spinor elds. On every
bre TqM ⊕ T ∗qM , the straight generalised metri G0 ats as a omposition of
reetions. Namely, if e1, . . . , en is an orthonormal basis of TqM , then V
±
q is
spanned by v±k = ek ⊕±g(ek) and
G0 = Rv−1 ◦ . . . ◦Rv−n ∈ O(n, n),
where Rv−k
denotes reetion along v−k . Hene its lift G˜0 to Pin(n, n) is given,
up to a sign, by the Riemannian volume form
G˜0 = ̟V −p = v−1 • . . . • v−n
on V −q . The operator G˜0 is therefore globally welldened. Note that G0 pre-
serves or reverses the natural orientation on TM ⊕ T ∗M if n is even or odd, so
that G˜0 preserves or reserves the hirality of TM ⊕ T ∗Mspinor elds aord-
ingly. There is an alternative desription of its ation whih will turn out to be
useful. For this, we denote by J the natural isomorphism between Cli(TM, g)
and Λ∗T ∗M . Reall that for any X ∈ TM and a ∈ Cli(TM, g) of pure degree,
J(X · a) = −XxJ(a) +X ∧ J(a), J(a ·X) = (−1)deg(a)(XxJ(a) +X ∧ J(a)).
Moreover,
⋆g J(a) = J(â ·̟g)
where ̟g denotes the Riemannian volume form on TM as well as its image in
Cli(TM, g) under J by abuse of notation. If ∼ is the involution dened by
a˜ev,od = ±aev,od, then ̟g · a = a ·̟g if n is odd, while ̟g · a = ±a˜ ·̟g for n
even. By omputing
L
(
d−1 • . . . • d−n • J(J−1(ρ))
)
= ±L(J(ωg · J−1(ρ))),
where the sign depends on n = rkTM , we dedue that L(G˜0ρ) is equal to
⋆gL̂(ρ) for n even and ± ⋆g L̂(ρ) for n odd and ρ of even or odd parity. For a
Beld transformed Riemannian metri with V ± = exp(2B)(D±), we onjugate
G0 by exp(2B) and therefore ̟D− by exp(B) in view of (3). Hene ̟V − • ρ =
eB • ̟D− • e−B • ρ. Up to signs, G˜ therefore oinides with the ✷operator
in [38℄. The twisted ase follows easily, for instane if n is even,
La(̟V −a • ρa) = La(eB
(a)
a •̟D−a • e−B
(a)
a • ρa)
= ̟D−a • La(ρa)
= ⋆ga L̂a(ρa).
Proposition 2.3. If V + denes a generalised Riemannian metri, then the
ation of G˜ = ̟V − on S(E)± is given by
L(G˜ρ) =
{
n even: ⋆gL̂(ρ)
n odd: ⋆g
̂˜
L(ρ)
=: G˜(L(ρ)),
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where g is the Riemannian metri indued by V +.
Note that
G˜2 = (−1)n(n+1)/2Id and 〈G˜ρ, τ〉 = (−1)n(n+1)/2〈ρ, G˜τ〉.
In partiular, G˜ is an isometry for 〈· , ·〉 and denes a omplex struture on S(E)
if n ≡ 1, 2mod4. Moreover, given a generalised metri, we dene the bilinear
form
Q±(ρ, τ) = ±(−1)m〈ρ, G˜τ〉 on S(E)±, n = 2m, 2m+ 1.
Then for n = 2m (and similarly for n = 2m+ 1),
Q±(ρ, τ) = ±(−1)m〈ρ, G˜τ〉
= ±(−1)mνg[L(ρ) ∧
(
⋆g L̂(τ)
)∧
]n
= g
(
L(ρ),L(τ)
)
,
where we used the general rule ⋆α̂ev,od = ±(−1)m⋆̂αev,od. We shall denote the
assoiated norm on S± by ‖ · ‖G .
If the manifold is spinnable, the presene of a generalised metri also implies
a very useful desription of the omplexied spinor modules S(E)± ⊗ C as the
tensor produt ∆n(TM) ⊗∆n(TM) of the omplex spin representation ∆n of
Spin(n, 0). From standard representation theory, we have algebra isomorphisms
Cli
C(TM,±g) ∼= Cli(TM⊗C, gC) =
{
n even: EndC(∆n)
n odd: EndC(∆n)⊕ EndC(∆n) .
(6)
The module ∆n is the spae of (Dira) spinors and, as a omplex vetor spae,
is isomorphi with C2
[n/2]
. Further, ∆n arries an hermitian inner produt q
for whih q(a · Ψ,Φ) = q(Ψ, â · Φ), a ∈ Cli(TM ⊗ C, gC). By onvention, we
take the rst argument to be onjugatelinear. Restriting the isomorphism (6)
to the Spin groups of signature (p, q) yields the omplex spin representation
Spin(p, q)→ GL(∆p+q). If p+ q is even, then there is a deomposition ∆p+q =
∆p+q,+⊕∆p+q,− into the irreduible Spin(p, q)representations∆p+q,±, the so
alled Weyl spinors of positive and negative hirality. Finally, in all dimensions,
there exists a onjugatelinear endomorphism A of ∆n (the harge onjugation
operator in physiists' language) suh that [37℄
A(X ·Ψ) = (−1)m+1X · A(Ψ) and A2 = (−1)m(m+1)/2Id, n = 2m, 2m+ 1.
In partiular, A is Spin(n)equivariant. Moreover, A reverses the hirality for
n = 2m, m odd. We dene a Spin(n)invariant bilinear form (whih, abusing
of notation, we also write A) by
A(Ψ,Φ) = q(A(Ψ),Φ),
for whih
A(Ψ,Φ) = (−1)m(m+1)/2A(Φ,Ψ) and A(X ·Ψ,Φ) = (−1)mA(Ψ, X · Φ)
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if n = 2m, 2m + 1. We an injet the tensor produt ∆n ⊗ ∆n into Λ∗Cn by
sending ΨL ⊗ΨR to the form of mixed degree
[ΨL ⊗ΨR](X1, . . . , Xn) = A
(
ΨL, (X1 ∧ . . . ∧Xn) ·ΨR
)
.
In fat, this is an isomorphism for n even. In the odd ase, we obtain an iso-
morphism by onatenating [· , ·] with projetion on even or odd forms, whih
we write as [· , ·]ev,od. Sine this map is Spin(n)equivariant, it aquires global
meaning overM , and we use the same symbol for the resulting map ∆n(TM)⊗
∆n(TM) → Ωev,od(M) (referred to as the erzing map in the physis' litera-
ture). Next we dene
[·, ·]G ev,od : Γ(∆n(TM)⊗∆n(TM)) [·,· ]ev,od−→ Ωev,od(M)⊗ C L−1−→ Γ(S(E)± ⊗ C).
A vetor eld X ats on TMspinor elds via the inlusion TM →֒ Cli(TM, g)
and Cliord multipliation. On the other hand, we an lift X to setions X±
of V ± whih at on Espinor elds via the inlusion V ± →֒ Cli(TM ⊕ T ∗M)
and Cliord multipliation. To see how these ations are related by the map
[· , ·]G , we use the fat that the orthogonal deomposition of TM ⊕ T ∗M into
V + ⊕ V − makes Cli(TM ⊕ T ∗M) isomorphi with the twisted tensor produt
Cli(V +)⊗̂Cli(V −)4. The vetor bundles (V ±, g±) are isometri to (TM,±g)
via the lifts X ∈ Γ(TM) 7→ X± ∈ Γ(V ±). By extending X⊗̂Y 7→ X+ • Y − to
Cli(TM ⊕ T ∗M), we get a further isomorphism
Cli
C(TM, g)⊗̂CliC(TM,−g) ∼= CliC(V + ⊕ V −, g+ ⊕ g−).
Proposition 2.4. We have
[X ·ΨL ⊗ΨR]G = (−1)n(n−1)/2X+ • [ΨL ⊗ΨR]G ,
[ΨL ⊗ Y ·ΨR]G = −Y − • ˜[ΨL ⊗ΨR]G .
Proof: Fix a point q ∈ Ua and an orthonormal basis e1, . . . , en of TqM . To
ease notation, we drop any referene to q and Ua and assume rst Ba = 0. By
denition and the properties of A realled above,
[ej ·ΨL ⊗ΨR] =
∑
K
q
(A(ej ·ΨL), eK ·ΨR)eK
= (−1)n(n−1)/2+1
∑
K
q
(A(ΨL), ej · eK ·ΨR)eK
= (−1)n(n−1)/2+1
∑
K
q
(A(ΨL), (−ejxeK + ej ∧ eK) ·ΨR)eK
= (−1)n(n−1)/2(∑
j∈K
q
(A(ΨL), ejxeK ·ΨR)ej ∧ (ejxeK)−∑
j 6∈K
q
(A(ΨL), ej ∧ eK ·ΨR)ejx(ej ∧ eK))
= (−1)n(n−1)/2(− ejx+g(ej) ∧ ) • [ΨL ⊗ΨR].
4
The twisted tensor produt
b⊗ of two graded algebras A and B is dened on elements of
pure degree as ab⊗b · a′ b⊗b′ = (−1)deg(b)·deg(a
′)a · a′ b⊗b · b′
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Compounding with L−1, we therefore get
[X ·ΨL ⊗ΨR]G0 = X+ • [ΨL ⊗ΨR]G0 .
For nontrivial loal Belds B(a), we have
[X ·ΨL ⊗ΨR]G|Ua = eBa •
(
X ⊕ g(X)) • e−Ba • L−1[ΨL ⊗ΨR]|Ua
= π0(e
Ba)
(
X ⊕ g(X)) • [ΨL ⊗ΨR]G|Ua
= X+ • [ΨL ⊗ΨR]G|Ua .
The seond assertion follows in the same fashion. 
A rst, but important observation is that Espinor elds orresponding to
bispinor elds are selfdual in the following sense: The element ̟V − in
Cli(V + ⊕ V −) orresponds to 1⊗̟̂g, so that
G˜[ΨL ⊗ΨR]G = (−1)m[ΨL ⊗̟g ·ΨR]G
for n = 2m and
G˜[ΨL ⊗ΨR]G = (−1)m ˜[ΨL ⊗̟g ·ΨR]G
for n = 2m + 1. By standard Cliord representation theory, the ation of the
Riemannian volume form ̟g on hiral spinor elds is given by
̟g ·Ψ± = ±(−1)m(m+1)/2imΨ±, if n = 2m,
̟g ·Ψ = (−1)m(m+1)/2im+1Ψ, if n = 2m+ 1.
(7)
From this we dedue the
Corollary 2.5. Let ΨL,R ∈ ∆n.
(i) If n = 2m and ΨL,R are hiral, then for ΨR ∈ ∆±
G˜[ΨL ⊗ΨR]G = ±(−1)m(m−1)/2im[ΨL ⊗ΨR]G .
(ii) If n = 2m+ 1, then
G˜[ΨL ⊗ΨR]G = (−1)m(m−1)/2im+1 ˜[ΨL ⊗ΨR]G .
2.3 GL ×GRstrutures
Within the generalised setting, further redutions an be envisaged. For the
theory of generalised alibrations we are aiming to develop in Setion 3, a par-
tiular lass of generalised strutures is of interest. These generalise speial
geometries dened by TMspinor elds:
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Example: A G2struture on a sevenfoldM
7
is dened by a 3form ϕ with the
property that for all p ∈M , ϕp ∈ Λ3T ∗pM lies in the unique orbit dieomorphi
to GL(7)/G2. The struture group therefore redues from GL(7) to G2. Sine
G2 ⊂ SO(7), ϕ indues a Riemannian metri. Conversely, x a Riemannian
metri g. If the manifold is spinnable, we an onsider the spinor bundle ∆(TM)
assoiated with Spin(7). Its spin representation ∆ is of real type, that is, it is
the omplexiation of an irreduible real spin representation ∆R ∼= R8. The
unit sphere is dieomorphi to Spin(7)/G2 and therefore, a unit spinor eld
also denes a G2struture. This links into the form denition via the erzing
map [· , ·], namely
[Ψ⊗Ψ] = 1− ϕ− ⋆gϕ+̟g. (8)
To make ontat with generalised geometries, we note that x ∈ Cn 7→ ix ∈
Cn extends to a Cliord algebra isomorphism Cli(Rn, g)⊗C ∼= Cli(Rn,−g)⊗
C. Restrited to Spin(n, 0) ⊂ Cli(Rn, g) ⊗ C, this gives an isomorphism a ∈
Spin(n, 0) 7→ â ∈ Spin(0, n). Then Y = Y1 ·. . . ·Y2l ∈ Spin(0, n) ats on Ψ ∈ ∆n
by Ŷ ·Ψ, so that by Proposition 2.4
[ΨL ⊗ Ŷ ·ΨR]G = (−1)lŶ − • [ΨL ⊗ΨR]G = Y − • [ΨL ⊗ΨR]G .
Corollary 2.6. [· , ·]G is Spin(n, 0)× Spin(0, n)equivariant.
Consider now a Riemannian spin manifold (M, g) and two subgroups GL,R ⊂
Spin(n, 0) whih stabilise the olletion of spinor elds {ΨL,j} and {ΨR,k} re-
spetively. We identify GR with its image ĜR in Spin(0, n). The tensor prod-
ut ∆(TM) ⊗ ∆(TM) is assoiated with a Spin(n, 0) × Spin(0, n)struture,
and the olletion of bispinor elds {ΨL,j ⊗ ΨR,k} indues a redution to
GL×GR (or more aurately to GL× ĜR, but we will usually omit this) inside
Spin(n, 0) × Spin(0, n). By the previous orollary, [· , ·]eG maps this bispinor
eld to a GL × GR ⊂ Spin(V +) × Spin(V −)invariant Espinor eld, where
Spin(V +) × Spin(V −) omes from the generalised metri on E. For instane,
taking up the previous example leads to the notion of
Generalised G2strutures [38℄. A generalised G2struture an be dened
in either of the following three ways:
• by the datum (g,H,ΨL,ΨR), where ΨL, ΨR are two real unit spinor elds
whih redue the Spin(7)struture PSpin(7) to the prinipal bre bundles
PG2L and PG2R respetively.
• by a prinipal G2L×G2Rbre bundle to whih the Spin(7, 7)+prinipal
bre bundle assoiated with E redues.
• by an even or odd Espinor elds ρ whose stabiliser is invariant under a
group onjugated to G2L ×G2R. It is impliitly dened by
L(ρ) = [ΨL ⊗ΨR]ev,od.
The even and odd spinor eld are related by G˜(ρev) = ρod
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Generalised SU(3)strutures [25℄, [26℄. In dimension 6, we have an iso-
morphism Spin(6) ∼= SU(4) under whih the omplex spin representations ∆±
are isomorphi with the standard vetor representations of SU(4) and its om-
plex onjugate, namely C4 and C4. The unit spheres are isomorphi with
SU(4)/SU(3), so that SU(3) stabilises a spinor Ψ± in both ∆+ and ∆−, whih
are related by Ψ− = A(Ψ+). A generalised SU(3)struture is haraterised by
either of the following:
• by the datum (g,H,ΨL,ΨR), where ΨL, ΨR are two unit spinor elds
whih redue the Spin(6)struture PSpin(6) to the prinipal bre bundles
PSU(3)L and PSU(3)R respetively.
• by a prinipal SU(3)L × SU(3)Rbre bundle to whih the Spin(6, 6)+
prinipal bre bundle assoiated with E redues.
• by a pair (ρ0, ρ1) of Espinor elds whose stabiliser is invariant under a
group onjugated to SU(3)L × SU(3)R. The spinor elds are impliitly
dened by
L(ρ0) = [A(ΨL)⊗ΨR], L(ρ1) = [ΨL ⊗ΨR].
Similarly, one an dene generalised SU(m)strutures (see also [40℄). Applying
the operator A⊗A to ∆⊗∆ yields the other SU(3)L× SU(3)Rinvariant pair(
[Ψ ⊗ A(Ψ)], [A(Ψ) ⊗ A(Ψ)]). In the partiular ase (subsequently referred to
as straight) where ΨL = Ψ = ΨR, we obtain
L(ρ0) = [A(Ψ)⊗Ψ] = e−iω, L(ρ1) = [Ψ⊗Ψ] = Ω3,0
where ω is the Kähler form and Ω3,0 the invariant (3, 0)form of the underlying
single SU(3)struture.
Generalised Spin(7)strutures [38℄. In analogy with dimension 7, the two
hiral Spin(8)representations ∆± are of real type, and the stabiliser of a real
hiral unit spinor eld is isomorphi with Spin(7). Hene, a generalised Spin(7)
struture is haraterised by either of the following:
• by the datum (g,H,ΨL,ΨR), where ΨL, ΨR are two real unit spinor elds
whih redue the Spin(8)struture PSpin(8) to the prinipal bre bundles
PSpin(7)L and PSpin(7)R respetively.
• by a prinipal Spin(7)L×Spin(7)Rbre bundle to whih the Spin(8, 8)+
prinipal bre bundle assoiated with E redues.
• by an Espinor eld ρ whose stabiliser is invariant under a group onju-
gated to Spin(7)L × Spin(7)R. It is impliitly dened by
L(ρ) = [ΨL ⊗ΨR].
The spinor eld ρ is even or odd if the spinors are of equal or opposite hirality,
reeting the fat that there are two onjugay lasses of Spin(7) in Spin(8),
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eah of whih stabilises a unit spinor in ∆R+ or ∆R− respetively. The straight
ase indues an even spinor given by
L(ρ) = [Ψ ⊗Ψ] = 1− Ω+̟g,
where Ω is the ⋆gselfdual Spin(7)invariant 4form. If ρ is odd, the prinipal
Spin(7)L and Spin(7)Rbundle interset in a prinipal G2bundle. In this
ase, a generalised Spin(7)struture is loally the Beld transform of a G2
struture on M8.
3 Generalised alibrations
Next we dene a notion of strutured submanifold for GL×GRstrutures as in-
trodued above. In the ase of a straight struture, we will reover the soalled
alibrated submanifolds whih were rst onsidered in Harvey's and Lawson's
seminal work [19℄. We reall some elements of their theory rst. Throughout
the Setions 3.1 and 3.2, T will denote a real, oriented, ndimensional vetor
spae.
3.1 Classial alibrations
Let (T, g) be a Eulidean vetor spae and ρ ∈ ΛkT ∗. One says that ρ denes
a alibration if for any oriented kdimensional subspae L ⊂ T (subsequently
also referred to as a kplane), with indued Eulidean volume form ̟L, the
inequality
g(ρ,̟L) ≤
√
g(̟L, ̟L) = 1 (9)
holds with equality for at least one kplane. Suh a plane is then said to be
alibrated by ρ. We immediately onlude from the denition that ρ denes a
alibration and alibrates L if and only if ⋆gρ denes a alibration and alibrates
L⊥. Moreover, let A ∈ GL(n). The alibration ondition is GL(n)equivariant
in the following sense: ρ denes a alibration with respet to g if and only if A∗ρ
does so with respet to A∗g. If L is alibrated for ρ, then so is A(L) for A∗ρ. In
partiular, if ρ is Ginvariant, then so is the alibration ondition. Therefore,
alibrated subplanes live in speial Gorbits of the Grassmannian Grk(T ).
A spinorial approah to alibrations was developed by Dadok and Har-
vey [14℄, [18℄ for G2, Spin(7) and further geometries in dimension n = 8m.
Consider the ase of a G2 and Spin(7)struture on T dened by the unit
spinor Ψ. Then
• any homogeneous omponent [Ψ ⊗ Ψ]p of [Ψ ⊗ Ψ] ∈ Λ∗T ∗ denes a ali-
bration form
• a kplane L is alibrated with respet to [Ψ⊗Ψ]k if and only if Ψ = ̟L ·Ψ.
If (M, g) is a Riemannian manifold, then a kform ρ ∈ Ωk(M) is alled a
alibration if and only if ρp denes a alibration on TpM for any p ∈ M . A
kdimensional submanifold j = jL : L →֒M is said to be alibrated, if Tpj(L) is
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alibrated for every p ∈ j(L). If the alibration form is losed, then alibrated
submanifolds are loally homologially volumeminimising. Here are examples
of interest to us.
Example:
(i) SU(3)strutures: The powers ωl/l! of the Kähler form and ReΩ, the real
part of the omplex volume form, dene alibrations. The submanifolds ali-
brated by the former are omplex (of real dimension 2l) and speial Lagrangian
for the latter (of dimension 3). Similar remarks apply to SU(m)strutures for
arbitrary m.
(ii) G2strutures: The G2invariant 3form ϕ denes a alibration form whose
alibrated submanifolds are alled assoiative. The 4dimensional submanifolds
alibrated by ⋆ϕ are referred to as oassoiative.
(iii) Spin(7)strutures: The Spin(7)invariant 4form Ω denes a alibration
form. The alibrated submanifolds are the soalled Cayley submanifolds.
3.2 Generalised alibrated planes
To arry this notion over to the generalised setup, one is naturally led to replae
kforms by even or odd T ⊕ T ∗spinors. But what ought to be the analogue of
kplanes? A natural objet on whih Belds at are the maximally isotropi
subplanes of TM ⊕ T ∗M . These an be equivariantly identied with lines of
pure spinors. By denition, purity means that the totally isotropi spae
Wτ = {x⊕ ξ ∈ T ⊕ T ∗ | (x⊕ ξ) • τ = 0}
is of maximal dimension, that is dimWτ = n. The following result is lassial.
Proposition 3.1. ([11℄ Prop. III.1.9, p.140) A spinor τ ∈ S± is pure if and
only if it an be written in the form
τ = c · eF •̟,
where c ∈ R 6=0, F ∈ Λ2T ∗ and ̟ = θ1 ∧ . . . ∧ θl with θi ∈ T ∗ is a deomposable
form in ΛlT ∗. Further, if Wτ denotes the isotropi subspae in T ⊕ T ∗ orre-
sponding to the line in S± spanned by τ , then θ
1, . . . , θl is a basis of Wτ ∩ T ∗.
Denition 3.1. The number rk τ = n− dim(Wτ ∩ T ∗) is alled the rank of τ .
Remark: The rank of a pure spinor is invariant under Beld transformations.
Indeed
dim(Wτ ∩ T ∗) = dim
(
e2B(Wτ ∩ T ∗)
)
= dim(WeB•τ ∩ T ∗),
for exp(2B) ats trivially on T ∗.
In other words, we an writeWτ∩T ∗ = N∗L, where N∗L denotes the annihilator
of
L = Ann̟ = {X ∈ T |Xx̟ = 0}.
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Therefore, the deomposable part of a pure spinor is unique up to a salar.
However, the 2form F is only determined up to a 2form F ′ with F ′ ∧̟ = 0.
Put dierently, F ′ belongs to N 2L = J (N∗L) ∩ Λ2T ∗, the subspae of 2forms
in the Λ∗T ∗ideal J (N∗L) generated by N∗L. Using the metri g, we an
identify the orthogonal omplement N 2⊥L with the image of Λ2L∗ under the
pullbak map indued by the orthogonal projetion pL : T → L. Hene,
modulo resaling any pure spinor an be uniquely written as τ = exp(F0) •̟,
where F0 = p
∗
L(F ) ∈ p∗L(Λ2L∗) for L = Ann̟.
Denition 3.2. An isotropi pair (L, F ) onsists of a kplane L ⊂ T and a
2form F ∈ Λ2L∗.
To render the orrespondene between pure spinors and isotropi pairs expliit,
we make the following hoies: Let again ̟L denote the indued Eulidean
volume element as well as its pullbak to T . We then dene the pure spinor
τL = ⋆̟̂L, where the Hodge dual is taken with respet to T . The orresponding
maximally isotropi subspae is WL = L ⊕ N∗L. By equivariane, the pure
spinor
τL,F = e
p∗L(F ) • ⋆̟̂L ∈ S(−1)k ,
then orresponds to WL,F = exp(2F )WL. To ease notation, we shall simply
write F instead of p∗L(F ). For later referene, we let
[τL,F ] = R>0τL,F
denote the halfline inside S(−1)k spanned by τL,F . We say that the isotropi
pair (L, F ) is assoiated with the pure spinor τ , if [τL,F ] = [τ ].
Corollary 3.2. There is a Spin(n, n)+equivariant 1-1orrespondene between
• isotropi pairs (L, F ).
• halflines of spinors [τL,F ].
• maximally isotropi oriented subspaes
WL,F = e
2F (L⊕N∗L). (10)
The denition of a alibration is this.
Denition 3.3. Let (g,B) dene a generalised metri on T ⊕ T ∗. A hiral
spinor ρ ∈ S± is alled a generalised alibration if for any isotropi pair (L, F ),
• the inequality
〈ρ, τ〉 ≤‖τ‖G (11)
holds for one (and thus for all) τ ∈ [τL,F ] and
• there exists at least one isotropi pair (L, F ) for whih one has equality.
Isotropi pairs (L, F ) whih meet the bound are said to be alibrated by ρ.
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We usually drop the adjetive generalised and simply speak of a alibration.
Condition (11) is learly Spin(n, n)+equivariant. Hene ρ denes a alibration
whih alibrates (L, F ) if and only if A • ρ denes a alibration whih alibrates
(LA, FA) assoiated with A•τL,F . Furthermore, as G˜ ats as an isometry forQG ,
ρ denes a alibration if and only if G˜ρ does. If (L, F ) is alibrated for ρ, then
the isotropi pair (LeG , FeG) assoiated with (−1)n(n+1)/2[G˜τL,F ] is alibrated for
G˜ρ.
Our rst proposition states this alibration ondition to be the formal ana-
logue of (9) and makes the appearane of the generalised metri (g,B) expliit.
To harmonise with notation used in Setion 3.3, we let j = jL : L → T denote
the injetion of the subspae L into T . The pullbak j∗ = j∗L : Λ
pT ∗ → ΛpL∗
is then simply restrition to L.
Proposition 3.3. A spinor ρ denes a alibration if and only if for any isotropi
pair (L, F ) with k = dimL, the inequality
[e−F ∧ j∗ρ]k ≤
√
det
(
j∗(g +B)− F )̟L
or equivalently,
g(e−F ∧ ρ,̟L) ≤
√
det
(
j∗(g +B)− F ),
holds
5
. The bound is met if and only if (L, F ) is alibrated.
Proof: Regarding ρ as an exterior form, it follows from the remarks above
that
[e−F ∧ j∗ρ]k = g(e−F ∧ ρ,̟L)̟L
= ⋆[e−F ∧ ρ ∧ ⋆̟L]n̟L
= ⋆[ρ ∧ ̂(eF ∧ ⋆̟̂L)]n̟L
= 〈ρ, τL,F 〉̟L.
The result is now an immediate onsequene of the tehnial lemma below whih
implies ‖τL,F‖G ̟L =
√
det
(
j∗(g +B)− F )̟L. 
Lemma 3.4. Let L be an oriented subspae and α ∈ Λ2T ∗. Then√
g(eα ∧ ⋆̟L, eα ∧ ⋆̟L)̟L =
√
det
(
j∗(g + α)
)
̟L =
√
det
(
j∗(g − α))̟L.
5
In the latter inequality, the determinant is omputed from the matrix of the bilinear form
j∗(g + B)− F with respet to some orthonormal basis of L
21
Proof: Fix an oriented orthonormal basis e1, . . . , ek of L suh that j
∗α =∑[k/2]
l=1 ale2l−1 ∧ e2l. Then√
det
(
j∗(g − α)) = [k/2]∏
l=1
√
1 + a2l (12)
=
√√√√1 + [k/2]∑
l=1
a2l +
∑
l1<l2
a2l1 · a2l2 + . . .+ a21 · . . . · a2[k/2].
On the other hand
1
l!
j∗αl =
∑
j1<...<jl
aj1 · . . . · ajle2j1−1 ∧ e2j1 ∧ . . . ∧ e2jl−1 ∧ e2jl ,
so that
g(
1
l!
j∗α ∧ ⋆̟L, 1
l!
j∗α ∧ ⋆̟L) =
∑
j1<...<jl
a2j1 . . . a
2
jl , 2l ≤ k.
Summing and taking the square root yields preisely (12). 
Next we show that in analogy with the lassial ounterpart disussed in
Setion 3.1, the spinors induing a GL×GRstruture dene alibrations in the
generalised sense. In partiular, we will reover lassial alibrated kplanes
as a speial ase. First, we assoiate with any isotropi pair (L, F ) an isometry
RL,F , the gluing matrix (this jargon stems from physis, f. Setion 4.1). To
start with, let B = 0 and onsider the isotropi subspae WL. We an think
of this spae as the graph of the antiisometry PL : D
+ → D− indued by the
orthogonal splitting T ⊕ T ∗ = D+ ⊕D− with isometries π0± : X ∈ (T,±g) 7→
X± ∈ (D±, g±) (f. Setion 2.2). Indeed, we have
0 = (X⊕PLX,X⊕PLX) = (X,X)+(PLX,PLX) = g+(X,X)+g−(PLX,PLX).
If we hoose an adapted orthonormal basis e1, . . . , ek ∈ L, ek+1, . . . en ∈ L⊥,
then the matrix of PL assoiated with the basis d
±
l = π0±(el) = el⊕±el of D±
is
PL =
(
Idk 0
0 −Idn−k
)
. (13)
Pulling this operator bak to T via π0± yields the isometry
RL = π−10− ◦ PL ◦ π0+ : (T, g)→ (T, g). (14)
Its matrix representation with respet to an orthonormal basis adapted to L is
just (13). In the general ase, WL,F is the graph of the antiisometry PL,F :
V + → V − with assoiated gluing matrix
RL,F = π−1− ◦ PL,F ◦ π+,
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where now π± : (T,±g) → V ± = e2BD±. Let F = F − j∗B. Changing, if
neessary, the orthonormal basis on L suh that F =∑[k/2]l=1 fle2l−1 ∧ e2j,
e1 ⊕ f1e2, e2 ⊕−f1e1, . . . , ek+1, . . . , en
is a basis of e2BWL,F by (10). Deomposing the rst k basis vetors into the
D±basis d±j yields
2(e2l−1 ⊕ fle2l) = d+2l−1 + fld+2l ⊕ d−2l−1 − fld−2l
2(e2l ⊕−fle2l−1) = −fld+2l−1 + d+2l ⊕ fld−2l−1 + d−2l,
, l ≤ k
while 2el = d+l ⊕−d−l for l = k + 1, . . . , n. Written in the new D±basis
w+2l−1 = d
+
2l−1 + fld
+
2l, w
+
2l = −fld+2l−1 + d+2l, l ≤ k, w+l = d+l , l > p on D+
w−2l−1 = d
−
2l−1 − fld−2l, w−2l = fld−2l−1 + d−2l, l ≤ k, w−l = d−l , l > k on D−,
the matrixRL,F is just (13). The base of hange matrix for d+l → w+l is given by
the blok matrix A = (A1, . . . , Ak, idn−k), where for (d
+
2l−1, d
+
2l)→ (w+2l−1, w+2l),
l ≤ k,
Al =
(
1 fl
−fl 1
)
.
The basis hange w−l → d−l is implemented by B = (B1, . . . , Bk, idn−k), where
for (d−2l−1, d
−
2l)→ (w−2l−1, w−2l), l ≤ k,
Bl =
(
1 −fl
fl 1
)
.
Computing B ◦ (Idk,−Idn−k) ◦ A−1 and pulling bak to T via π±, we nally
nd
RL,F =
( (
j∗(g −B) + F )(j∗(g +B)− F )−1 0
0 −Idn−k
)
(15)
with respet to some orthonormal basis adapted to L.
Proposition 3.5. For any isotropi pair (L, F ), the element
J−1
(
e−B • τL,F‖τL,F‖G
) ∈ Cli(T, g)
lies in Pin(T, g). Moreover, its projetion to O(T, g) equals the gluing matrix
RL,F .
Proof: Again let e1, . . . , en be an adapted orthonormal basis so that F =∑[k/2]
l=1 fle2l−1 ∧ e2l. Applying a trik from [5℄, we dene
arctan F˜ =
∑
l
arctan(fl)e2l−1 · e2l
=
1
2i
∑
l
ln
1 + ifl
1− ifl e2l−1 · e2l ∈ spin(n) ⊂ Cli(T, g)
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and show that J
(
exp(arctan F˜) · ⋆̟̂L
)
= e−B •τL,F/‖τL,F‖G ∈ Λ∗T ∗, where exp
takes values in Spin(T, g). Sine the elements e2l−1 · e2l, e2m−1 · e2m ommute,
exponentiation yields
earctan
eF =
∏
m
earctan(fk)e2m−1·e2m
=
∏
m
(
cos
(
arctan(fm)
)
+ sin
(
arctan(fm)
)
e2m−1 · e2m
)
=
∏
m
( 1√
1 + f2m
+
fm√
1 + f2m
e2m−1 · e2m
)
=
(
1 +
∑
l fle2l−1 · e2l +
∑
l<r fl · fre2l−1 · e2l · e2r−1 · e2r + . . .
)∏
m(
√
1 + f2m)
=
1√
det(j∗g −F)J
−1(1 + F + 1
2
F ∧ F + . . .),
where we used the lassial identities cos arctanx = 1/
√
1 + x2, sin arctanx =
x/
√
1 + x2. By Lemma 3.4, we nally get
J(earctan
eF · ⋆̟̂L) = J(earctan eF) ∧ J(⋆̟̂L) = e−B • τL,F‖τL,F‖G .
The projetion π0 : Pin(T, g)→ O(T, g) via π0 gives indeed the indued gluing
matrix: Firstly,
π0
(
earctan
eF · ⋆̟̂L
)
= e
pi0∗(arctan eF )
SO(T ) ◦ π0(⋆̟̂L).
Now
epi0∗
(
arctan(fl)e2l−1·e2l
)
= e2 arctan(fl)e2l−1∧e2l
= cos
(
2 arctan(fl)
)
+ sin
(
2 arctan(fl)
)
e2l−1 ∧ e2l
=
1− f2l
1 + f2l
+
2fl
1 + f2l
e2l−1 ∧ e2l
=
1
1 + f2l
(( 1− f2l 0
0 1− f2l
)
+
(
0 −2fl
2fl 0
))
whih yields the matrix (j∗g + F)(j∗g − F)−1, while the blok −Idn−k in the
gluing matrix is aounted for by the projetion of the volume form. 
The fat that e−B •τL,F/‖τL,F‖G an be identied with an element of Pin(T, g)
enables us to prove the following
Theorem 3.6. Let ΨL,ΨR be two hiral unit spinors of the omplex Spin(T )
representation ∆n. The T⊕T ∗spinors ρev,od = eB •Re
(
[ΨL⊗ΨR]ev,od
)
satisfy
〈ρ, τL,F 〉 ≤‖τL,F ‖G. Moreover, an isotropi pair (L, F ) meets the boundary if
and only if
A(ΨL) = ±(−1)m(m+1)/2+kim(e−B • τL,F‖τL,F‖G ) ·ΨR.
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for n = 2m and ΨR ∈ ∆± and
A(ΨL) = (−1)m(m+1)/2im+1(e−B • τL,F‖τL,F‖G ) ·ΨR.
for n = 2m+ 1. In partiular, ρev,od dene a alibration.
Proof: Sine eF ∧ ⋆̟̂L = (⋆eFx̟L)∧, we obtain
〈eB • Re[ΨL ⊗ΨR]ev,od, τL,F 〉 = 〈Re[ΨL ⊗ΨR]ev,od, eF ∧ ⋆̟̂L〉
= g(Re[ΨL ⊗ΨR]ev,od, eFx̟L)
=
∑
Re q(A(ΨL), eI ·ΨR)g(eI , eFx̟L)
= Re q(A(ΨL), eFx̟L ·ΨR). (16)
On the other hand,
eFx̟L ·ΨR = (−1)k(n−k)(eFx⋆ ⋆ ̟L) ·ΨR
= (−1)k(n−k) ⋆ (e−F ∧ ⋆̟L) ·ΨR
= (−1)k(n−k)(eF ∧ ⋆̟̂L) ·̟g ·ΨR
= (−1)k(n−k)
√
det(j∗g −F)(e−B • τL,F ) ·̟g ·ΨR.
Reall from (7) the ation of ̟g on ∆±. Sine e
−B • τL,F /‖τL,F‖G∈ Spin(T, g),
we get
‖eFx̟L ·ΨR‖q=
√
det(j∗g −F) ‖e−B • τL,F‖τL,F‖G ‖g · ‖ΨR‖q=
√
det(j∗g −F)
(where the norm is taken for the Hermitian inner produt q on ∆n and g on
T respetively). As a onsequene, (16) is less than or equal to ‖ τL,F ‖G by
the CauhyShwarz inequality for the norm ‖ · ‖q. Moreover, equality holds
preisely if A(ΨL) = (−1)k(n−k)(e−B • τL,F ) ·̟g ·ΨR. As there always exists a
subspae L suh that A(ΨR) = ̟L ·ΨL, we an hoose (L, j∗B) as a alibrated
isotropi pair. Hene, the spinor ρev,od = eB • Re ([ΨL ⊗ ΨR]ev,od) denes a
alibration. 
Example: Consider a G2 or Spin(7)struture on T indued by the real unit
spinor Ψ. Then (L, 0) denes a alibrated plane for Re
(
[Ψ⊗Ψ]ev,od) if and only
if
Ψ = ⋆̟L ·Ψ = ̟L ·Ψ
as ̟g ats as the identity on ∆n for n = 7, 8. This is preisely the ondition
found by Dadok and Harvey (f. Setion 3.1). In general, if L is a alibrated
plane with respet to some lassial alibration form arising as the degree k
omponent of ρ = Re
(
[Ψ⊗ Φ]ev,od), the isotropi pair (L, 0) is alibrated with
respet to ρ in the sense of Denition 3.3 with Beld transform (L, j∗B). More
examples will be given in Setions 3.3 and 5.1. In partiular, we will see that
even in a straight setting with B = 0, Denition 3.3 is more general as we an
have alibrated isotropi pairs (L, F ) with nontrivial F .
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3.3 Generalised alibrated submanifolds
We introdue the notion of a generalised alibrated submanifold next. LetM be
a smooth manifold with a generalised Riemannian metri V + ⊂ E orresponding
to (g,H).
Denition 3.4.
(i) A spinor eld ρ ∈ Γ(S(E)±) is alled a generalised alibration if and only if
ρp ∈ S(E)± p denes a generalised alibration for every p ∈M .
(ii) An isotropi pair (L,F) for (M, g,H) onsists of an embedded oriented
submanifold j = jL : L →֒M , together with a 2form F ∈ Ω2(L) suh that
dF + j∗H = 0. (17)
(iii) An isotropi pair (L,F) is said to be alibrated by ρ if and only if for
every point p ∈ j(L) ⊂M and for one (and thus for any) τp in the halfline of
S(E)± p indued by the pure spinor eld
τL,F = L
−1(eF ∧ ⋆̟̂L) ∈ Γ
(
S(E)±|L
)
,
we have 〈ρp, τL,F〉 =‖τp‖eG. Here, we think of F as a setion of Λ2T ∗M|j(L) via
the pullbak indued by orthogonal projetion pL : TM|j(L) → T j(L).
Again, we will drop the qualier generalised and simply speak of a alibration
form. Also, we will usually think of L as a subset of M and identify L with
j(L).
An easy orollary is the following form riterion for an isotropi pair to be
alibrated.
Proposition 3.7. An isotropi pair (L,F) for (M, g,H) with k = dimL is
alibrated if and only if
g(e−F ∧ L(ρ), ̟L) ≤‖τL,F‖G
or equivalently,
[e−F ∧ j∗LL(ρ)]k ≤
√
det(j∗Lg −F)̟L.
This follows from
〈ρ, τL,F〉 = ⋆[L(ρ) ∧ e−F ∧ ⋆̟L]n = g(e−F ∧ L(ρ), ̟L),
while
‖τL,F‖2G= ⋆[L(τL,F) ∧ ̂G˜
(
L(τL,F )
)
]n = g(eF ∧ ⋆̟̂L, eF ∧ ⋆̟̂L).
Calibrated isotropi pairs minimise an extension of the volume funtional,
namely the brane energy
Eφ,γ(L,F) =
∫
L
e−φ ‖τL,F‖G −
∫
L
e−φj∗L[e
−F ∧ L(γ)],
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where γ is a spinor of suitable parity and φ ∈ C∞(M) a dilaton eld. The
terminology omes from the loal desription of the spinor norm ‖τL,F‖G . Let
C = L(γ). These are the soalled RamondRamond potentials (f. Setion 4.2).
Over Ua, H|Ua = dB
(a)
a , so that for a disk D ⊂ Ua ∩ L, the brane energy is just
the sum of the two terms∫
D
e−φ ‖τL,F‖G =
∫
D
√
det
(
j∗L(g −B(a)a ) + F (a)
)
̟D
and ∫
D
e−φj∗L[e
−F ∧ L(γ)] =
∫
D
e−φj∗L[e
−F (a)+B(a) ∧C]
In physis, these integrals are known as the DiraBornInfeld and the Wess
Zumino term of the Dbrane energy (f. (23) and (24)).
Denition 3.5.
(i) Two isotropi pairs (L,F) and (L′,F ′) of dimension k are said to be homolo-
gous, if there exists an isotropi pair (L̂, F̂) of dimension k+1 with ∂L̂ = L−L′,
F̂|L = F and F̂|L′ = F ′.
(ii) We all an isotropi pair (L,F) loally braneenergy minimising for Eφ,γ if
Eφ,γ(D,F|D) ≤ Eφ,γ(D′,F ′)
for any embedded dis D ⊂ L and homologous isotropi pair (D′,F ′) (with D′
not neessarily embedded into L).
Theorem 3.8. Let ρ be a alibration with
dφρ = dφγ, i.e. dHe
−φL(ρ) = dHe
−φL(γ). (18)
Then any alibrated isotropi pair (L,F) is loally braneenergy minimising for
Eφ,γ.
Proof: With the notation of the previous denition, let (D̂, F̂) be an isotropi
pair suh that ∂D̂ = D −D′, F̂|D = F and F̂|D′ = F ′. By Stokes' theorem
0 =
∫
bD
j∗bD
[
e−
bF ∧ dHe−φL(ρ− γ)
]
=
∫
bD
j∗bD
[
d
(
e−
bF ∧ e−φL(ρ− γ))]
=
∫
D−D′
j∗
∂ bD
[e−
bF
|∂cD ∧ e−φL(ρ− γ)],
so that ∫
D
e−φj∗D
[
e−F ∧ L(ρ− γ)] = ∫
D′
e−φj∗D′
[
e−F
′ ∧ L(ρ− γ)].
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Sine D ⊂ L and (L,F) is alibrated,∫
D
j∗De
−φ[e−F ∧ L(ρ)] =
∫
D
e−φ ‖τL,F‖G
by the previous lemma, while for D′, the integral over the norm is greater or
equal than
∫
D′
j∗D′ [e
−φe−F
′ ∧ L(ρ)]. 
Remark: In [26℄, the equation dφρ = dφγ was shown to desribe type II string
ompatiation on 6 or 7 dimensions whih are governed by the demorati
formulation of Bergshoe et al [6℄.
Examples of alibrations are provided by GL×GRstrutures: The following
proposition is an immediate onsequene of Theorem 3.6.
Proposition 3.9. If ρ ∈ Γ(S(E)±) is a spinor eld suh that L(ρ) = [ΨL⊗ΨR]
for (hiral) unit spinor elds ΨL,R ∈ ∆(TM), then Re(ρ) denes a alibration
form. Moreover, an isotropi pair is alibrated if and only if
A(ΨL) = ±(−1)m(m+1)/2+kim L(τL,F )‖L(τL,F)‖g ·ΨR. (19)
for n = 2m and ΨR ∈ ∆±, and
A(ΨL) = (−1)m(m+1)/2im+1 L(τL,F )‖L(τL,F)‖g ·ΨR. (20)
for n = 2m+ 1, where ‖L(τL,F)‖g=
√
g
(
L(τL,F ),L(τL,F )
)
.
Remark: Equations (19) and (20) reet the physial fat that alibrated pairs
break the supersymmetry: The spinor eld τL,F indues a linear relation be-
tween ΨL and ΨR (or the supersymmetry parameters in physiists's language,
f. Setion 4.1), so that over L we are left with only one independent super-
symmetry parameter. On the tangent spae level, the two Gstrutures PGL,R
inside the orthonormal frame bundle are related by the orresponding gluing
matrix.
Examples. By the previous proposition, the Espinor elds whih indue a
generalised SU(3), G2 or Spin(7)struture, dene alibrations. For straight
generalised SU(3), G2 and Spin(7)strutures (f. Setion 2.3), we reover
some wellknown examples oming from physis whih involve a nontrivial F .
We will onstrut further examples in Setion 5 using the devie of Tduality.
(i) Straight SU(3)strutures: Let (M6, g,Ψ) be a lassial SU(3)struture
whose indued straight SU(3)× SU(3)struture is given by L(ρ0) = e−iω and
L(ρ1) = Ω. Starting with the even spinor eld, we have Re
(
L(ρev)
)
= 1−ω2/2.
By Proposition 3.7, we nd as alibration ondition
1
k!
(j∗Lω + F)k =
√
det(j∗Lg −F)̟L, (21)
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whih denes soalled Bbranes. These wrap holomorphi yles in aordane
with results from [30℄, [32℄. Calibrating with respet to Re
(
L(ρod)
)
= Re(Ω)
yields soalled Abranes dened by[
e−F ∧ j∗L Re(Ω)
]k
=
√
det(j∗Lg −F)̟L.
The alibrated pairs are therefore odddimensional. For k = 3, j∗LReΩ = ̟L is
the ondition for a speial Lagrangian yle. For k = 5 we need a nonvanishing
F and obtain
j∗L ReΩ ∧ F =
√
det(j∗Lg −F)̟L
whih is the ondition found in [30℄ for a oisotropi Abrane. In the non
straight ase, ReL(ρod) an also ontain a 1 and 5form part. For a related
disussion on this aspet see Setion 4 of [4℄.
(ii) Straight G2strutures: Let (M
7, g,Ψ) be a lassial G2struture whose
indued straight G2×G2struture is given by L(ρev) = 1−⋆ϕ. The alibration
ondition reads
e−F ∧ j∗L(1− ⋆ϕ) ≤
√
det(j∗Lg −F)̟L.
A oassoiative submanifold satises j∗L ⋆ϕ = ̟L and is therefore alibrated if
F = 0. For nontrivial F , we nd F ∧F/2− j∗L ⋆ ϕ =
√
det(j∗Lg −F)̟L. Now
F ∧F/2 = Pf(F)̟L and det(j∗Lg−F) = 1−Tr(F2)/2+det(F). Squaring this
shows the equality to hold for an isotropi pair (L,F), where L is a oassoiative
submanifold and F a losed 2form with 2Pf(F) = −Tr(F2)/2, that is, F is
antiselfdual (f. [32℄).
(iii) Straight Spin(7)strutures: Let (M8, g,Ψ) be a lassial Spin(7)struture
whose indued straight Spin(7)×Spin(7)struture is given by L(ρ) = 1−Ω+
̟g. Again, Cayley submanifolds are alibrated for F = 0. Further, as in (ii),
they remain so if turning on an antiselfdual gauge eld F (f. [32℄).
4 Branes in string theory
We briey interlude to outline how in type II string theory the alibration
ondition as presented above arises from both the worldsheet and the target
spae point of view. For a detailed introdution see for instane [27℄ or [35℄.
The material of this setion is independent of the mainstream development of
the paper.
Generally speaking, Dbranes arise as boundary states in the onformal eld
theory on the string worldsheet. In the supergravity limit, ignoring orretions of
higher order in α′ (the string tension), they an be desribed as submanifolds in
the ten dimensional target spae whih extremalise a ertain energy funtional.
In the speial ase of type II string ompatiations on CalabiYau manifolds,
Dbranes an be lassied by the derived ategory of oherent sheaves and the
Fukaya ategory for type IIB and IIA respetively. Both notions are onneted
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by Mirror symmetry, whih in the ase of toroidal brations ought to be realised
through Tduality [36℄.
4.1 Worldsheet point of view
We start with a twodimensional onformal eld theory on the string world
sheet Σ, parametrised by a spaelike oordinate s and a timelike oordinate
t. Dbranes arise when onsidering open string solutions (i.e. where the string
is homeomorphi to an open interval) with Dirihlet boundary onditions.
Let us rst onsider the simplest ase without bakground elds, delaying
this issue to the end of this setion. Varying the worldsheet ation on Σ (whih
depends on the embedding funtions Xµ, µ = 0, . . . , 9, taken as oordinates of
the 10dimensional target spae), we nd the boundary term
δIboundary =
∫
∂Σ
∂sXµδX
µ.
There are two kinds of solutions at the boundary of the worldsheet (s = {0, π}),
namely
∂sX
µ|s=0,pi = 0 (von Neumann boundary ondition)
or
δXµ = 0⇒ Xµ|s=0,pi = onst. (Dirihlet boundary ondition).
(22)
Choosing the von Neumann boundary ondition for µ = 0, . . . , p and the Dirih-
let boundary ondition for µ = p+ 1, . . . , d, we dene open strings whose end-
points an move along p spaial dimensions (the zeroth oordinate parametrising
time), thus sweeping out a p+ 1dimensional surfae, a D(p)brane.
Sine we are dealing with a worldsheet theory that is supersymmetri, the
boundary onditions for the worldsheet fermions need to be taken into a-
ount, too. Without Dbranes we start with (1, 1) worldsheet supersymmetry,
generated by two spinorial parameters, ǫL,R. The supersymmetri partners of
the oordinate funtions Xµ are represented by the set of worldsheet fermions
ψµL,R. The boundary onditions for these read(− ψLµδψµL + ψRµδψµR)|s=0,pi = 0,
whih an be solved by taking ψLµ = ±ψRµ. However, the fermioni boundary
onditions are related to their bosoni ounterpart by supersymmetry, so only
one hoie is eetively possible. Moreover, the supersymmetry transformations
between fermions and bosons imply that the supersymmetry parameters are re-
lated by ǫR = −ǫL. Hene we are left with only one linearly independent super-
symmetry parameter so that worldsheet supersymmetry is broken to (1, 0). By
onvention, a + ours if the oordinate µ satises the von Neumann boundary
ondition. For diretions satisfying the Dirihlet boundary onditions we then
obtain a minus sign, i.e. ψLµ = −ψRµ. These boundary onditions an be suit-
ably enoded in the gluing matrix R (14), relating ψL and ψR via ψL = RψR, R
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being the diagonal matrix (with respet to the oordinates µ = 0, . . . 9) dened
by +1 in von Neumann and −1 in Dirihlet diretions.
As a onsequene of the Dbrane boundary onditions, the symmetry group
on the branes redues to SO(1, p). After quantisation, the zero mode spetrum
of the open strings ontains a vetor multiplet of N = 1 supersymmetry, that
is, an element of the SO(p− 1) vetor representation plus its fermioni ounter-
part. The vetor multiplet also transforms under a U(1) gauge symmetry. In
partiular, we obtain a gauge eld F  the urvature 2form oming from the
U(1)onnetion. More generally, we an take N branes on top of eah other
to obtain a U(N) gauge group, reeting the fat that we have to inlude the
elds from strings strething between dierent branes of one stak. In any ase,
inluding the eld strength leads to a generalised gluing ondition of the form
(15). To see how this happens, onsider again the boundary onditions (22).
First note that the Dirihlet ondition is equivalent to ∂tX
µ = 0. Inluding a
nontrivial gauge eld, or more generally a twoform eldstrength bakground
F , whih also inludes the bakground Beld (f. setion 4.2), hanges the
boundary onditions into mixed Dirihlet and von Neumanntype as follows,
∂sX |∂L + g−1(∂tXxF)|∂L = 0,
where g is the spaetime metri and restrition to ∂L indiates restrition to
the boundary of the Dbrane.
4.2 Target spae point of view
For type II supergravity theory on M , that is, at the zeromode level of the
orresponding string theory, we have the following eld ontent in the soalled
losed string setor:
• a metri g, a 2form B (the Beld) and a salar funtion φ (the dilaton)
in the NS-NS (NS=NeveuShwarz) setor.
• a mixed form C (the R-Rpotentials) in the R-R (R=Ramond) setor,
whih is odd or even in type IIA or IIB respetively.
In the limit of supergravity, Dbranes beome nonperturbative objets and
belong thus to the bakground geometry where they an be oneived as sub-
manifolds of the 10dimensional target manifold M . In this piture, H is given
loally as the eld strength H = dB.
On the other hand, the open string setor leads to an eetive eld theory
on the worldvolume of a Dbrane. If L denotes the orresponding submanifold,
this eld theory is given by the DiraBornInfeld ation
IDBI(L, F ) = −N
∫
L
e−φ
√
det(j∗Lg −F), (23)
where as above N denotes the number of branes in the stak and F = F − j∗LB
with F the eld strength of the U(1) gauge theory living on the brane. In
31
partiular, d(F + j∗LB) = 0. Moreover, Dbranes at as soures for the R-R
elds and ouple to these via µ
∫
L C
(p+1)
, where µ is the brane tension. This
term is referred to as the WessZumino ation and in general looks like
IZW(L, F ) = Nµ
∫
L
e−F ∧ j∗LC. (24)
Note that type IIA and IIB supergravity are related under Tduality. Under
this transformation, the metri and the Beld of type IIA and IIB are mixed
aording to the Busher rules [10℄ (see next setion). Moreover, with respet to
Dbranes, Tduality exhanges the even and odd R-Rpotentials and modies
the boundary onditions (14) in suh a way that Dirihlet and von Neumann
onditions are exhanged. This leads to an exhange of Dbranes of odd and
even dimension. Whether the dimension of a brane inreases or dereases de-
pends on the diretion in whih the Tduality transformation is arried out. If
Tduality is performed along a diretion tangent to the brane, the dimension of
the transformed brane will derease, while a transformation along a transverse
diretion inreases the dimension. The mathematial implementation of this
will oupy us next.
5 Tduality
5.1 The Busher rules
Tdual generalised Riemannian metris. In this setion we show how
the Busher rules arise in the generalised ontext. This parallels work in the
generalised omplex ase [2℄, [24℄.
Consider the vetor spae T⊕T ∗ ∼= Rn⊕Rn∗ with a metri splitting V +⊕V −
orresponding to (g,B). Further, onsider a deomposition T = RX⊕V , where
X is a nonzero vetor. We dene the 1form θ by θ(X) = 1, ker θ = V and
obtain the element
M˜ = X ⊕−θ ∈ Pin(n, n).
Projeting down to O(n, n) gives
M = (IdV+θ†)⊕(IdN∗RX+X†) =

IdV 0
0 1
0 IdN∗RX
1 0
 = ( A BC D
)
.
Here θ† : T → T ∗ sends X to θ, θ†(V) = 0, and X† : T ∗ → T sends θ to X ,
X†(N∗RX) = 0.
Denition 5.1. The Tdual generalised Riemannian metri is given by V +⊤ =
M(V +).
In terms of the orresponding pair (g⊤, B⊤), the transformation an be ex-
pressed in adapted oordinates as follows.
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Proposition 5.1. Extend X to a basis x1, . . . , xn−1, xn = X with xi ∈ V,
i = 1, . . . , n−1, whose dual basis is x1, . . . , xn−1, xn = θ. Let gkl and Bkl be the
oeients of g and B with respet to this basis. Then the oeients of g⊤ and
B⊤ are given aording to the Busher transformation rules (f. also [20℄, [21℄
or the appendix in [29℄), namely
g⊤kl = gkl − 1gnn (gkngnl −BknBnl), g⊤kn = 1gnnBkn, g⊤nn = 1gnn
B⊤kl = Bkl +
1
gnn
(gknBln −Bkngln), B⊤kn = 1gnn gkn.
Proof: The elements of V +⊤ are given by Y ⊕P+⊤Y = AX+BP+X⊕CX+
DP+X for X ⊕ P+X ∈ V +, hene P+⊤ = (C +DP+)(A+ BP+)−1. Writing
P+ = g +B =
(
g α
αtr q
)
+
(
B β
−βtr 0
)
,
we obtain
(A+ BP+)−1 =
(
Id 0
−(α− β)tr/q 1/q
)
and
(C +DP+) =
(
g +B α+ β
0 1
)
.
Consequently,
P+⊤ =
(
g +B − (α+ β)(α − β)tr/q (α+ β)/q
−(α− β)tr/q 1/q
)
= g+⊤ +B+⊤,
that is,
g+⊤ =
(
g − (ααtr − ββtr)/q β/q
βtr/q 1/q
)
and
B+⊤ =
(
B + (αβtr − βαtr)/q α/q
−αtr/q 0
)
,
whene the assertion. 
Tdual spinors. For ρ ∈ S±, its Tdual spinor is
ρ⊤ = M˜ • ρ.
If the olletion of hiral spinors ρ1, . . . , ρs denes a generalised GL × GR
struture, that is, their stabiliser in Spin(n, n)+ is GL × GR, the olletion
ρ⊤1 , . . . , ρ
⊤
s indues the Tdual GL × GRstruture assoiated with the onju-
gated group M˜(GL × GR)M˜. In partiular, equivariane implies the indued
generalised Riemannian metri to be given by (g⊤, B⊤), whene G˜⊤ρ⊤ = (G˜ρ)⊤.
Remark: Note that Tduality reverses the parity of the spinor. This reets
the physial fat that Tduality exhanges type IIA with type IIB theory and
hene maps odd R-R potentials into even R-R potentials (f. Setion 4).
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The operator M˜ also maps pure spinors to pure spinors. More onretely,
if τ is pure with annihilator Wτ , then τ
⊤ = M˜ • τ is pure with annihilator
M(Wτ ). Hene, Tduality assoiates to any isotropi pair (L, F ) a uniquely
determined Tdual isotropi pair (L⊤, F⊤) speied by the ondition [τ⊤] =
[τL⊤,F⊤ ]. Further, M˜ is normpreserving in the sense that for τ ∈ S±, we have
‖τ⊤‖eG⊤=‖τ‖eG. Therefore
〈ρ, τ〉 ≤‖τ‖eG if and only if 〈ρ⊤, τ⊤〉 ≤‖τ⊤‖eG⊤ , (25)
and equality holds on the left hand side if and only if equality holds on the right
hand side.
Proposition 5.2. A spinor ρ ∈ S± denes a alibration for the generalised
Riemannian metri (g,B) on T ⊕ T ∗ if and only if ρ⊤ = M˜ • ρ denes a
alibration for the Tdual generalised metri (g⊤, B⊤). A (alibrated) isotropi
pair (L, F ) orresponds to a uniquely (alibrated) isotropi pair (L⊤, F⊤). The
rank of τL⊤,F⊤ is given as follows:
• If X ∈ L, then rk τL⊤,F⊤ = rk τL,F − 1.
• If X 6∈ L, then rk τL⊤,F⊤ = rk τL,F + 1.
Proof: In virtue of the preeding disussion, only the last assertion requires
proof. By denition of the rank (f. Proposition 3.1),
rk τL⊤,F⊤ = n− dim
(M(WL,F ) ∩ T ∗)
= n− dimM(WL,F ∩M(T ∗))
= n− dim (WL,F ∩ (RX ⊕N∗RX))
= n− dim (WL ∩ (RX ⊕N∗RX)),
where for the last line we used that XxF ∈ N∗L if and only if XxF = 0.
Now suppose that X ∈ L. In this ase, L = RX ⊕ L ∩ V , hene we may
hoose a basis x1, . . . , xn of T suh that x1 = X , x2, . . . , xk generates L ∩ V ,
and x2, . . . , xn generates V . Let x1, . . . , xn denote the dual basis. Hene θ = x1
and
WL = L⊕N∗L = {a1X +
k∑
i=2
aixi ⊕
n∑
j=k+1
bix
i}.
The intersetion with RX ⊕ N∗RX is spanned by X, xk+1, . . . , xn, so that
rk τL⊤,F⊤ = n− k − 1 = rk τL,F − 1.
Next assume that X 6∈ L. Then there exists a basis x1 = X, x2, . . . , xn of
RX ⊕ V suh that L is spanned by cX + x2, . . . , xk+1 (possibly c = 0). Again
θ = x1, and
WL = L⊕N∗L = {a1(cX + x2) +
k+1∑
i=3
aixi ⊕ b(θ − cx2) +
n∑
j=k+2
bix
i}.
The intersetion with RX ⊕ N∗RX is now spanned by xk+2, . . . , xn, hene
rk τL⊤,F⊤ = n− k + 1 = rk τL,F + 1. 
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Example: Consider a G2struture on T
7
. As we learned from the examples
in Setion 3.3, an isotropi pair (L, F ) onsisting of a oassoiative subplane
L and an antiselfdual 2form F is alibrated by ρ = 1 − ⋆ϕ. Now hoose a
vetor X ∈ L and a omplement V so that T = RX ⊕ V . Then (L⊤, F⊤) is a
alibrated pair with L⊤ of dimension dimL−1 = 3. On the other hand, hoosing
a vetor X 6∈ L yields a Tdual alibrated pair with a 5dimensional plane L⊤.
In partiular, we see that alibrated isotropi pairs of exoti dimension (in
omparison to the straight ase, e.g. 3 and 4 for G2) an our.
5.2 Integrability
In this setion, we disuss a loal version of Tduality over M = Rn (now seen
as a manifold) endowed with a generalised metri (g,H = dB). The indued
generalised tangent bundle E(H) → Rn is equivalent as a vetor bundle to
TRn⊕T ∗Rn, but inequivalent from a generalised point of view if H 6= 0, as this
implies twisting with a nonlosed Beld (f. also Setion 2.1.2). Fix a dilaton
eld φ so that ν = exp(2φ)νg. Further, let X be a nowhere vanishing vetor eld
transversal to the n−1dimensional distribution V so that TpRn = RX(p)⊕V(p).
This determines the 1form θ and hene the operator M˜ = X ⊕ −θ on S(E).
Tduality indues a map M˜ : Ωev,od(Rn) → Ωod,ev(Rn)∼=S∓
(
E(H⊤)
)
(where
the last isomorphism is indued by Lν⊤, the isomorphism between spinors and
dierential forms assoiated with H⊤ = dB⊤) dened by
M˜(α) = eB⊤∧ M˜ • eB • ρ.
The Tdual dilaton eld φ⊤ is dened by
ν = exp(2φ⊤)νg⊤ .
Proposition 5.3. The dilaton transforms under the Busher rule
φ⊤ = φ− ln ‖X‖ .
Proof: Let q =‖X‖2. It sues to show that νg = q · νg⊤ . This is a tensorial
identity and an be omputed pointwise. At a given point p, we may assume that
V is spanned by ∂xi(p), i ≤ n − 1, and X(p) = ∂xn for oordinates x1, . . . , xn.
By Proposition 5.1, g⊤(p) = Atr ◦ g(p) ◦A, where A ∈ GL(n) is given by
A =
(
Id 0
(β − α)tr/q 1/q
)
.
The laim follows from νg⊤(p) = detA
−1 · νg(p). 
Example: Consider the spinor eld ρ dened by Lνg (ρ) = [Ψ ⊗ Ψ]od, where
Ψ omes from an ordinary G2struture. The Tdual spinor eld ρ
⊤
indues
also a generalised G2struture and is therefore determined by L
νg ⊤(ρ⊤) =
Lφ
⊤
(ρ⊤) = e−φ
⊤
[Ψ⊤L ⊗Ψ⊤R]od.
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Under additional assumptions, Tduality also preserves loseness of spinor
elds.
Theorem 5.4. Assume that (g,B, φ) are Xinvariant, that is LXg = 0, LXB =
0 and LXφ = 0. Further, assume that LXθ = 0. If ρ and ϕ are two E(H)
spinor elds suh that LXLν(ρ) and LXLν(ϕ) = 0, then dνρ = ϕ if and only if
dνρ
⊤ = −ϕ⊤, that is
dHL
ν(ρ) = Lν(ϕ) if and only if dH⊤L
ν ⊤(ρ⊤) = −Lν ⊤(ϕ⊤). (26)
Proof: Fix oordinates x1, . . . , xn so that ν = e2
eφx∂x1 ∧ . . . ∧ ∂xn with φ˜x =
φ − ln(detx g)/4. The subsript x reminds us that this quantity depends upon
the hoie of oordinates. It is invariant under Tduality in the sense that
φ˜x = φ
⊤ − ln(detx g⊤)/4 = φ˜⊤x . By denition, dνρ = ϕ is then equivalent to
de−
eφxρ = e−
eφxϕ. (27)
Let
ρ = ρ0 + θ ∧ ρ1, ϕ = ϕ0 + θ ∧ ϕ1
be the deomposition into basi forms, that is, Xxρ0,1 = 0 and Xxϕ0,1 = 0.
The assumptions imply that LXLν(ρ) = e−φ exp(−B) ∧ LX(ρ) = 0, whene
Xxdρ0,1 = 0. Analogously, Xxdϕ0,1 = 0 holds. Therefore, (27) is equivalent to
ϕ0 = −dφ˜x ∧ ρ0 + dρ0 + dθ ∧ ρ1, ϕ1 = dφ˜x ∧ ρ1 − dρ1. (28)
For the right hand side of (26), we nd
− ϕ⊤0 = −dφ˜⊤x ∧ ρ⊤0 + dρ⊤0 + dθ ∧ ρ⊤1 , −ϕ⊤1 = dφ˜⊤x ∧ ρ⊤1 − dρ⊤1 , (29)
where
ρ⊤ = ρ⊤0 + θ ∧ ρ⊤1 = M˜ • ρ = −(Xx+θ∧)(ρ0 + θ ∧ ρ1) = −ρ1 − θ ∧ ρ0,
and similarly for ϕ⊤. As φ˜⊤x = φ˜x, we dedue from this that (29) is equivalent
to (28) and thus to (27). 
Example: To illustrate the theorem we take up the previous example where
in addition we assume: (i) the G2invariant 3form ϕ is losed and olosed
(ii) there exists a vetor eld X of nononstant length suh that LXϕ = 0.
In partiular, X denes a Killing vetor eld. Loal examples of this exist in
abundane, f. for instane [1℄. Sine Lν(ρ) = [Ψ ⊗ Ψ]od is losed, so is the
Tdual Lν⊤(ρ⊤) = e−φ
⊤
[Ψ⊤L ⊗Ψ⊤R]od. Sine ϕ is also olosed, the same holds
for the even spinor eld G˜(ρ) and its Tdual. Hene
dH⊤e
−φ⊤ [Ψ⊤L ⊗Ψ⊤R] = 0, (30)
that is, the generalised G2struture is integrable [25℄, [38℄, where equation (30)
was shown to enode the supersymmetry variations of type II supergravity. In
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partiular, this implies H⊤ 6= 0, for φ⊤ = −ln ‖X‖ is not onstant. Although
we started with B = 0 and φ = 0, the Busher rules imply that we aquire a
generalised G2struture with nontrivial B and dilaton eld on the Tdual
side.
Sine being a alibration is a pointwise ondition, it follows from (25) that
this property is preserved under Tduality. Similarly, one would expet al-
ibrated isotropi pairs to transform under Tduality in the vein of Proposi-
tion 5.2. However, two problems may our: Firstly, if (L,F) is alibrated by
ρ, the rank of τ⊤L,F is not onstant in general, whih prevents this spinor eld
to be indued by an isotropi pair. In view of Proposition 5.2, we either need
to restrit L to the open subset for whih X 6∈ TpL, or to assume X ∈ Γ(TL).
Seondly, if there is a pair (L′,F ′) suh that [τ⊤L,F ] = [τL′,F ′ ], it might not be
isotropi, that is, we possibly have dF ′ + j∗L′H⊤ 6= 0. This requires to rephrase
the isotropy ondition on the pair in terms of integrability onditions of the
indued pure spinor eld.
Denition 5.2. Let E → M be a generalised tangent bundle and ν a triviali-
sation of ΛnTM . A pure spinor eld halfline in S(E)± is alled integrable if
and only if it admits a dνlosed representative of onstant rank.
By abuse of language, we also refer to the representative as integrable.
Lemma 5.5. Let (L,F) be an isotropi pair for (Rn, H = dB). Then loally,
[τL,F ] is indued by an integrable halfline, that is there exists an open set U ⊂
RN and an integrable pure spinor eld τ ∈ S(E)|U with [τ|U∩L] = [τL,F|U∩L].
Furthermore, if LXB = 0 and X is a vetor eld either transversal to L, or
ontained in TL with LXF = 0, then τ an be onstruted to satisfy LXLν(τ) =
0.
Conversely, an integrable pure spinor eld τ over Rn gives loally rise to a
foliation into isotropi pairs (Lr,Fr) suh that [τ|Lr ] = [τLr,Fr ]
Proof: Let us start with the onverse. Restriting τ to some open subset U ,
we an write Lν(τ) = exp(Fτ ) ∧̟ with Fτ ∈ Ω2(U) and ω = θ1 ∧ . . . ∧ θn−k,
θi ∈ T ∗U . Closeness is equivalent to
d̟ = 0, (dFτ +H) ∧̟ = 0. (31)
By Frobenius' theorem, the smooth distribution Ann̟ = {Y ∈ X(U) |Y x̟ =
0} is thus integrable. Hene, on U there exist oordinates y1, . . . , yn (possibly
upon shrinking U) suh that for r ∈ Rn−k and p ∈ Lr = {p ∈ U | yi(p) = ri, i =
k + 1, . . . , n}, one has TpLr = Ann̟(p). Further by (31), dFτ + H ∈ N 3Lr ,
the spae of 3forms of the ideal in Ω∗(Rn)|Lr generated by N
∗Lr ⊂ T ∗Rn|Lr .
Consequently, dening Fr = j∗LrFτ ,
dFr + j∗LrH = j∗Lr(dFτ +H) = 0.
By onstrution, (F
τ |Lr − Fr) ∧ ̟ = 0, hene [τ|Lr ] = [τLr,Fr ] for suitably
oriented Lr.
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Now onsider the isotropi pair (L,F). We an x around p ∈ L a oordinate
system y1, . . . , yn on U ⊂ Rn with L = {yk+1 = . . . = yn = 0}. Dene the
losed 2form FL = (F + j∗LB)|U∩L, whih we extend trivially to a 2form F on
U , that is, F (p) = F (p1, . . . , pn) = FL(p
1, . . . , pk, 0, . . . , 0). Set F = F − B|U
and let τ ∈ S(E) be determined by Lν(τ) = eF ∧ dyk+1 ∧ . . . ∧ dyn. Then
[τ|U∩L] = [τL,F|U∩L]. We laim τ to be dνlosed. Indeed, this is equivalent to
(dF +H|U ) ∧ dxk+1 ∧ . . . ∧ dxn = 0, (32)
hene to dF ∧ dyk+1 ∧ . . . ∧ dyn = 0. But this holds on L, hene on U for
we extended F trivially. In partiular, j∗Lr(dF +H|U ) = 0 using the previous
notation, so the pairs (Lr,FLr) are isotropi. If X is a vetor eld transversal
to L, we arry out this onstrution with a oordinate system whih in addition
satises ∂yn = X . Then L
ν(τ) does not depend on yn for LXF = 0, hene
LXLν(τ) = 0. On the other hand, if X restrits to a vetor eld on L, we an
x a oordinate system with ∂y1 = X and L = {yk+1 = . . . = yn = 0}. Again,
τ is Xinvariant as LXF = 0. 
We are now in a position to prove
Theorem 5.6.
(i) The spinor ρ ∈ Γ(S(E(H))±) denes a alibration for (g,H = dB) if and
only if ρ⊤ ∈ Γ(S(E(H⊤))±) does so for (g⊤, H⊤ = dB⊤). Furthermore, if
dφρ = dφγ under the assumptions of Theorem 5.4, then the alibrated isotropi
pairs for ρ and ρ⊤ extremalise the funtionals Eφ,γ and Eφ⊤,−γ⊤ respetively.
(ii) Under the assumptions of (i), let (L,F) be a alibrated isotropi pair. If
X(p) 6∈ TpL for some p ∈ L, there exists a alibrated isotropi pair (L⊤,F⊤)
with
• p ∈ L⊤ and dimL⊤ = dimL+ 1
• [τL⊤,F⊤(p)] = [τ⊤L,F(p)].
On the other hand, if X ∈ Γ(TL) and LXF = 0, there exists a alibrated
isotropi pair (L⊤,F⊤) with
• p ∈ L⊤ and dimL⊤ = dimL− 1
• [τL⊤,F⊤(p)] = [τ⊤L,F(p)].
Remark: The dimension shift oinides with expetations from physis, f.
Setion 4.2.
Proof: In virtue of the preeding disussion and Theorem 5.4, only assertion
(ii) requires proof. By the previous lemma, we an loally extend [τL,F ] to
an integrable pure spinor eld halfline [τ ] with LXLφ(τ) = 0 and dφτ = 0
(on U , the domain of τ). Consequently, dφ⊤τ
⊤ = 0 by Theorem 5.4. If X is
transversal to L, then X 6∈ TLr. Hene τ⊤ is of onstant rank rk(τ) + 1 and
therefore integrable on U . Appealing to the onverse of the lemma, we dedue
the existene of the isotropi pair (L⊤,F⊤). The rest follows analogously. 
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Example: We saw that if (M,ϕ) is a lassial G2manifold with G2invariant
spinor Ψ, all alibrated submanifolds L give rise to alibrated isotropi pairs
(L,F = 0). If LXϕ = 0 and X is transversal or restrits to a vetor eld on L,
we obtain a alibrated isotropi pair (L⊤,F⊤) for the nonstraight generalised
G2struture [Ψ ⊗ Ψ]od⊤ by hoosing some distribution omplementary to X
with LXθ = 0, whih loally is always possible.
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